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The use of a shaped beam for applications relying on light scattering depends much on the ability to
evaluate the beam shape coefficients (BSC) effectively. Numerical techniques for evaluating the BSCs of a
shaped beam, such as the quadrature, the localized approximation (LA), the integral localized approxima-
tion (ILA) methods, have been developed within the framework of generalized Lorenz-Mie theory (GLMT).
The quadrature methods usually employ the 2-/3-dimensional integrations. In this work, the expressions
of the BSCs for an elliptical Gaussian beam (EGB) are simplified into the 1-dimensional integral so as to
speed up the numerical computation. Numerical results of BSCs are used to reconstruct the beam field
and the fidelity of the reconstructed field to the given beam field is estimated. It is demonstrated that
the proposed method is much faster than the 2-dimensional integrations and it can acquire more accu-
rate results than the LA method. Limitations of the quadrature method and also the LA method in the

numerical calculation are analyzed in detail.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Most laser diodes or solid-sate lasers emit elliptical Gaussian
beams. The use of EGBs is of growing interest in measurement
techniques relying on light scattering such as optical sizing, par-
ticle image velocimetry, optical trapping, manipulation and etc
[1-5], which depends much on the ability to evaluate the BSCs effi-
ciently. Within the GLMT framework for describing the interaction
between a shaped beam and a spherical particle, one must first
have a physical description of the beam in terms of radial elec-
trical and magnetic field components E; and H;, respectively. Then
one must evaluate a double set of BSCs dependent on the radial
field components [6]. During the past three decades, several meth-
ods have been developed such as quadratures [7], finite series [8],
localized approximation (LA) [9,10] and integral localized approxi-
mation (ILA) [11]. Quadratures appear under two formulations, one
using a 2-dimensional integrals over the polar angle 6 and azimuth
angle ¢ and the other using a 3-dimensional integrals over all the
three spherical coordinates r, 8 and ¢. The 2-dimensional integral
method is much faster than the 3-dimensional integral method be-
cause it requires one fewer integration. In the 2-dimensional inte-
gral method, the radial coordinate is localized at the specific value
kr=n+0.5, same as that is used in the original LA method. Here,
k is the wavenumber and n is the index of partial wave. Quadra-
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tures are very flexible because only the expressions for the ra-
dial components need to be changed when the nature of beam
is changed. Unfortunately, the quadrature methods are very time
consuming because the functions to be integrated oscillate greatly,
which limits their applications. Finite-series method is much faster
than quadratures in numerical calculation but extra algebraic steps
are required when the nature of the beam is changed. At present,
only the case of Gaussian beams has been investigated. The LA
method relied on an analogy to the van de Hulst localization prin-
ciple [12] and it was rigorously justified [13]. The LA method pro-
vides a very powerful tool for evaluating the BSCs efficiently and
the loss of accuracy associated with the approximation is not sig-
nificant in most cases. In the LA method, the radial field compo-
nents E; and H, must be first expanded into azimuth modes and
then the localization operation is made. Expanding the radial com-
ponents into azimuth modes is a very tedious analytical process.
As a result, the BSCs for a shaped beam are usually expressed in
terms of double (or triple and even quadruple) summations of in-
finite series of terms depending on the characteristics of the beam
[14,15], which is cumbersome to calculate and the infinite series
is frequently slowly-convergent. In order to prevent from this dis-
advantage, the compact formulations of the BSCs are derived for a
circular Gaussian beam (CGB) [16] and an elliptical Gaussian beam
(EGB) [17], wherein the BSCs are expressed in terms of (modified)
Bessel functions. The ILA can be viewed as a hybrid of the quadra-
ture method and the LA because it still uses a quadrature and pre-
scriptions from the localized approximation. It is efficient from a
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computational point of view and exhibits good properties of flexi-
bility and stability [11,14].

The circular and elliptical Gaussian beams are usually given
in their low order approximations and hence the form of the
beam field is non-Maxwellian. All the methods (i.e. quadrature,
finite series, LA and ILA) remodel the original beam field into a
Maxwellian field in their own right. Numerical study shows that
the LA method produces pseudo distribution in the reconstructed
beam field [13,17,18]. The quadrature method, however, exhibits ex-
cellent fidelity to the original beam profile. In our previous work,
the integration over the azimuth angle ¢ is analytically carried
out and the quadrature method is simplified to 1-dimensional in-
tegration for evaluating the BSCs of a CGB [19]. As a result, the
1-dimensional quadrature method is dozens faster than the 2-
dimensional one and it gets more accurate results than the LA
method does. In the paper, we will extend this method to the EGB.
The analytical deduction is a simple task due to the similarity be-
tween the EGB and the CGB. However, the expressions of BSCs of
the EGB we obtain are much more complicated than those of the
CGB. It is more difficult to implement the relevant numerical cal-
culation because the axial asymmetry of the EGB leads to the con-
structive or destructive interference between the (modified) Bessel
functions of different orders in the BSC-calculation. The interfer-
ence depends on the eccentricity of the beam cross-section, the
location of the beam center and the orientation of the beam in the
coordinate system. This limits the capacity of the quadrature and
LA methods for evaluating the BSCs of the EGB.

In Section 2, expressions of the BSCs of the EGB are derived in
terms of 1-dimensional integration. For sake of numerical calcula-
tion, the normalized associated Legendre functions (NALF) are em-
ployed. The formulations of BSCs of the LA method, corresponding
to the NALFs, are also given so that both the methods can be com-
pared numerically. Section 3 is devoted to numerical calculations
of the BSCs. The methods are checked by reconstructing the beam
fields and limitations of the concerned methods are discussed in
detail with examples. Conclusions are given in Section 4.

2. Formulations of the BSCs for the EGB
2.1. BSCs expressed in 2-dimensional integrations

In processing light scattering of a spherical particle in the GLMT
framework, the beam field is expanded in terms of spherical wave

functions. Following Barton’s notation [20], the components of the
electric and magnetic fields are expressed as follows:
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where p=kr is the dimensionless radius; k is the wavenumber
of the light in the medium; (r, 6, ¢) are the radius, polar and
azimuth angles in the spherical coordinate system (as shown in

ir(0.9)

Fig. 1. Geometrical scheme of the coordinates.

Fig. 1); the weighting coefficients of the spherical wave functions,
i.e. Apm and Bpm, describe the characteristics of the beam and
thus are called as the beam shape coefficients (BSC); the fac-
tor c&" =i"(2n+1)/2n(n+ 1) also appears in the expansion of a
plane wave (the superscript pw stands for plane wave); Ey and Hy
are the field amplitudes at a chosen position, satisfying the rela-
tion Hy = (k/wi)Eg; w is the angular frequency and u is the per-
meability; the time convention e~ ! is omitted; v/ ,(p) is the first
kind Riccati-Bessel function; P (cos ) is the NALF of degree n and
order m. According to Ferrer’s definition, it is given as

~. — ! m dm+n

in which x=cos 6. Correspondingly, 7#(0) = P™(cos6)/siné and
£M(0) = dPM™(cosf)/df are the angular-dependent functions.

By using the orthogonality of spherical harmonics, the BSCs Anm
and By, can be obtained from the radial components of the beam
E; and H; and their expansions in the spherical coordinates ex-
pressed in Egs. (1) and (2).

( l')TH»]

<B::) T a@n+1) Ynlp

7 ime (Er/Eo
x /0 de (0 (4)
The BSCs Anm and Bp, are expressed in the 2-dmensional inte-
grations, one over the polar angle and the other over the azimuth
angle. If the beam field to be expanded is an exact solution of
Maxwell’s equations, the BSCs describe the given beam perfectly.
Contrarily, if the given beam is non-Maxwellian, the determination
of the BSCs produces a remodeling of the beam, which depends on
the way for evaluating them.
In the negative time convention e~ @t the radial field compo-
nents of the EGB are approximated to [21]:
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with
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where sy and sy are the transverse beam confinement parameters
in x- and y-directions, defined as sy = 1/kwgy and sy = 1/kwgy; wox
and wqy are the corresponding beam waist radii; (o, Yo, zg) are
the coordinates of the center of the beam waist in the Cartesian
system and correspondingly (Xo, Yo, Zo) = k(xo, Yo, zo) are the di-
mensionless coordinates. The factor 1//5h can be further written as
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a product of two factors Ygh = 0"y ", wherein ¥ 0" is inde-

pendent of the azimuth ¢ and sh s dependent on ¢.
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Substituting Eq. (5) into Eq. (4) and after some algebra, we have
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where I,‘f, is the inner integral over the azimuth angle ¢:
2
10 = zi / " o4 lexp (20) rexp (-i20)}+6 cos (6-6)-imd g (17)
T

The above procedure results into the formulations of the BSCs
that are given in 2-dimensional integrations, in which the radius
p is localized at n+0.5. The integrand of the inner integral over
the azimuth angle ¢ becomes violently oscillatory when the index
of azimuth mode m is high. The integrand of the outer integral
over the polar angle 6 consists of the NALF 13,|1m|(cos 0) and hence
is also oscillatory for high order partial waves. Therefore, numerical
calculation of the BSCs by using the 2-dimensional integrations is
very time-consuming. Furthermore, when the result of integration
is several orders less than the integrand, it becomes very difficult
to obtain the reasonable values of BSCs because the subtraction be-
tween big values may exhaust the significant digits. This happens
when n and/or m are high.

2.2. Simplifying the quadrature method

Following the steps described in [17], the integral over
the azimuth angle of Eq. (17) can be expressed in terms
of the modified Bessel functions. To do so, the factor
exp{afexp(i2¢) + exp(—i2¢)]/2} is first expanded into Taylor
series
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and then Eq. (17) is developed into the form
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Using the integral representation of the modified Bessel func-
tion and after some algebra, we have
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where Is(o) and I, 55(B) are the modified Bessel functions of in-
teger orders.

The above procedure transfers the inner integration over the az-
imuth angle into a summation of the modified Bessel functions
and hence simplifies the 2-dimensional integrations into the 1-
dimensional integration. This makes it possible to expedite the nu-
merical calculation, because the modified Bessel functions can be
numerically calculated with relevant recurrence.

Usually, the dependence of the beam field on the azimuth an-
gle is described by triangle functions, i.e. sin¢ and cos ¢. Us-
ing the identities sin¢ = (¢’ — e=*¢)/2i and cos ¢ = (e'® + e=¢) /2,
and then expanding the ¢-dependent terms into the Taylor series
of the exponential function e if necessary, the integral over the
azimuth angle can be expressed in terms of the (modified) Bessel
functions, after some algebraic manipulation. Such are the cases
of the CGB [19], the EGB [17], the Bessel beams [22,23], Gaussian-
Bessel beams [24] and etc. In this way, only the integration over
polar angle is required to be calculated in the BSC-calculation.

2.3. Localized approximation method

The localized approximation of the radial field components re-
sults into [9,10,15]

{G{E,/EO} — emiZo OO cos b

R - - (21)
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where the localization operator G in its original version carries out

the following operations: (1) It converts p=kr to p,=n-+0.5; (2)

It converts 6 to /2. After undertaking the localization operations,

all the parameters defined in Eqgs. (7)-(12) are denoted with a bar,

ie. Q. Gy, & B, Gy, YO, Il_fgmh and £. The BSCs are thus given

as
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Corresponding to the NALF, the prefactor ZJ' is given by [19]
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Eq. (22) is indeed the formulation of BSCs proposed in the ILA
method [11]. Following the steps introduced in the above section,
it can be further simplified to the series of integer order modified
Bessel functions. The eventual expressions of BSCs are obtained
as

("5,) = -zigses. o
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These expressions are equivalent to those in [17] but are more
concise.
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2.4. Special cases

2.4.1. Off-axis Location of a Circular Gaussian Beam

The CGB can be taken as a special case of the EGB when
wox =woy =wy. For a CGB we have Qy=Qy=Q and thus a=0.
Therefore, Eq. (20) is simplified to 1 =1In (B)e=™& and corre-
spondingly the factors of the integrand for evaluating the BSCs in
the quadrature method (see Egs. (15) and (16)) are given as

yi = Qeies’ (psin*d+p8)+ipcost Biml o6 0 sin (25)

v4 =sin6(2Qs?p cos6 — 1)
x [e"imeDE L 1 (B) + e i m=DE L, 4 (B)]
— 4Qs%Xy cos @ - e ™mE] (B)
y$ =isinf(2Qs?p cosf — 1) (26)
x [e 1M DE L, 5 (B) — e 1m=DEL, 1 (B)]
— 4Qs*Yycos 6 - e~ M [, (B)

where p2 =X2+Y? and s=sy=sy. Substitution of Egs. (14),
(25) and (26) into Eq. (13) leads to the same BSCs with those ob-
tained in Eqgs. (17)-(20) of [19].

Similarly, the BSCs in the LA method are obtained as

( n,m ) _ Z?ideidf(pnzwé)—izo
—1Bym

x [e7 DL (B) e DS, 4 (B)] 27)
which are same as those given in Eqs. (28)-(30) of [19].

2.4.2. On-axis location of an Elliptical Gaussian Beam B

For on-axis situation (i.e. Xq =Yy =0), the parameter 8 =8 =0
and hence we have Iﬁzzpﬂ =0 and Iﬁ:Zp = Ip(a), where p is an
integer. Therefore, the BSCs are equal to zero for all the even az-
imuth modes, i.e. Aym=Bnm=0 when m=2p. Those BSCs of odd
azimuth modes satisfy the relation Ap; =An—m and Bym=—Bn_m
where m=2p + 1. In this case, the factors of the integrand for eval-
uating the BSCs of the quadrature method are simplified to

y1 = sin Qélml (cos ) ’Qnyezi (Qes2+Qys2) p2sin®O+ip cos 6 (28)
V4 = sin6(2Qesip cos 6 — 1)[Ip1 (@) + ()] 29)
yE =isinf(2Qys2p cosO — 1)[Ip41 (@) — Ip()]

and the BSCs in the LA method are given as
An.m:2p+1 _ m,7.0,sh ,—iZ o =

(iBnm:Zer] - _Zn % e, [Ip+1 (Ol) :tlp(a)] (30)

The existence of such symmetry relations above can be used
to avoid calculating all the BSCs and thus expedites the numerical
calculations.

3. Numerical calculation and discussion
3.1. Numerical techniques in calculation

The numerical evaluation of the BSCs in the quadrature method
requires the calculation of the factors yo, y1 and (¥4, y$), de-
fined in Eqgs. (14)-(16). Therefore, we must calculate the Riccati-
Bessel function {,(p), the NALF ﬁ,llm‘(cosé) and the function If,i.
For the nth partial wave, the dimensionless radius p is localized at
pn=n+0.5. The methods for calculating the former two functions,
i.e. ¥rn(p) and ﬁ,‘lml(cos 6), are described in [19] and elsewhere. So
we will focus on the calculation of Iﬁ.

Since the modified Bessel function I;(z) for the complex ar-
gument z is proportional to the exponential of its variable for

argz < /2, the function I,‘fl (given in Eq. (20)) may exceed the
limit of the floating number when the real parts of the variables o
and B are large. In order to prevent from the numerical difficulties,
12 is transformed into another form % = % . e-asgn(Rea)—f-sgn(Rep)
Here, Rez represents the real part of z and sgn(z) is the sign of
the variable. With such a transformation, values of fﬁ are restricted
into a reasonable range. Thus, Eqgs. (17) and (20) are rewritten as

2
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21 Jo
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where [ (z) = In(2) - e#58"Re2)_ Corresponding to the transforma-
tion from Iﬁ to I,?; a compensation must be made to the factor
involved in the integration, i.e. j = y; - e*sgn(Rec)+f-sgn(Ref) 5o e
have

71 = sinfP™ (cos 0),/Q:Q, - €2
{asgn(Rea) + 5 (Qes? + Qs2) psin’0
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When the beam is not too far away from the z-axis, the value
of Re2 is small so that j; is restricted in a reasonable range of
values. Therefore, the BSCs of the 1-dimensional integration of the
GLMT can be rewritten as

T )72/*
) = do 34
<B”m) VO/O )/1()723> G4
together with
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In the similar way, the BSCs of the LA method are modified to
An, 70.sh ,—iZy &
(—r;gn,m) =—ZyYp e Dy
B = 3 [1(@) & 5t @) ]fase (B o208 (36)
S=—00
where 9" is given as
josh — i /3,02
Q = asgn(Rea) + B - sgn(Rep)
i< - - .
+ 5(Qst + Qs7) o7 +i(QesiXS +QsYF) (37)

Here,  is the special case of Q at 8 =m/2 and similarly we
have &, = IN?;H +_ for 0 =m/2.

3.2. Superiority of 1-dimensional quadrature to 2-dimensioanal
quadrature

Since the function fiﬁ is expressed in terms of an integral over
the azimuth angle ¢ (see Eq. (31)) or a sum of infinite terms re-
lated with the modified Bessel functions (see Eq. (32)), there are
two methods for calculating 1,74’.,: one uses the quadrature method
and the other is the series method involving the calculation of
modified Bessel functions.

The integration of iﬁ (see Eq. (31)) can be implemented by
using Romberg method combined the composite trapezoidal rule.
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Table 1
Comparison of numerical results and CPU time in calculating f‘"ﬁ
(n, m) Desired Quadrature method, Eq. (31) (s) Series method, Eq. (32) (s) Ratio
accuracy  result CPU time t; (us)  result CPU time t; (ps)  t1/ty
(28,1) 10-° (1.776576e-1, —2.612723e-2) 309 (1.776577e-1, —2.612724e-2) 63.3 0.49
1010 (1.776577e-1, —2.612724e-2) 113 1.78
(28,5) 10-° (—2.536743e-6, 4.491014e-5) 127 (—2.536090e-6, 4.490991e-5) 64.1 1.98
10-1° (—2.536090e-6, 4.490991e-5) 293 4.58
(28,10) 10~ (8.076819e-11, 4.156075e-10) 280 (3.416834e-10, 3.903496e-10) 63.3 4.42
1010 (3.416834e-10, 3.903496e-10) 586 9.26
(28,15) 103 (—1.493460e-10,1.117066e-11) 435 (1.846294e-15,-3.638928e-16)  69.1 6.29
1010 (1.750962e-15,—3.641625e-16) 932 135

The integrand consists of the factor e~™¢ and hence becomes vi-
olently oscillatory when the azimuth index is high. Therefore, the
numerical integration is performed by subdividing the interval into
several equidistant ones, according to the azimuth index. The CPU
time for the integration depends on both the oscillations of the in-
tegrand and the desired accuracy.

The use of Eq. (32) for evaluating 7?; requires calculating a dou-
ble set of the modified Bessel functions Is(e) and I,.25(8). The
summation of the series can be truncated, depending on their vari-
ables « and B. The criteria for the lower and upper limits of the
integer s can be easily evaluated because both the functions Js(e)
and I,405(B) are successively descending when their orders devi-
ate from zero. Therefore, the CPU time consumed in numerical cal-
culation is determined by the truncating conditions.

The results of I]‘ﬁ and the corresponding CPU times of the
quadrature method and the series method are compared for a fixed
partial index n=28, as shown in Table 1. The involved parameters
are wox=2 pm, wgy, =6 pm, A =0.6328 um, 6 =0.3rad, xg =y =2
pm and zy=0. It can be seen that, for very low azimuth modes
such as m=1, reliable results can be obtained by the quadrature
method with a low desired accuracy, and the method is fast. For
high azimuth modes (e.g. m=5 & 10), the desired accuracy of
the integration must be improved so as to obtain reliable results.
When the azimuth is very high (i.e. m > 15), the value of IN??1 is
so small (say less than 10~16) that the quadrature method is un-
able to get reliable results. Nonetheless, in all these cases the se-
ries method can get reliable results and it requires much less CPU
time than the quadrature method.

In the evaluation of BSCs of the GLMT quadrature method,
the 2-dimensional quadrature method requires the outer integra-
tion over the polar angle and the inner integration over the az-
imuth angle (see Eq. (31)) but in the 1-dimensional quadrature
method the inner integration is replaced by the series method
(see Eq. (32)). The essential difference between the 1-dimensional
quadrature method and the 2-dimensional one of the GLMT is the
methods for calculating the factor f,?; Since the series method is
much faster and more reliable than the numerical integration, the
1-dimensional quadrature method of the GLMT improves the nu-
merical calculation in both the numerical reliability and computa-
tion efficiency.

3.3. BSC calculation and beam reconstruction

The BSCs are computed with the 1-dimensional quadrature
method (Egs. (34) and (35)) and with the LA method (Egs. (36) and
(37)) too. The electric field of the beam is reconstructed from the
calculated BSCs. Then the proposed numerical method for evaluat-
ing the BSCs is verified by comparing the reconstructed beam field
with the given beam.

The integrands in Eq. (34) oscillate, depending closely on the
partial wave order n and azimuth index m, as illustrated in Fig. 2.
The beam parameters are woy =2.5 pm, wgy =5 pm, A =0.6328 um,

Xo=6 nm, yo=4 pm and zo=0. It can be seen that the integrand
oscillates uniformly in the interval [0, 7] and the frequency of os-
cillations increases along with the increase of the partial wave or-
der n, because of the NALF 2™ (cos ). For a fixed low azimuth in-
dex (e.g. m=0), the amplitude of the integrand varies in the way
mainly determined by the variation of ;. Along with the increase
of partial wave order n, the integrand increases, reaches the max-
imum and then turns to decrease, as shown in Figs.2a, 2c and 2e
for m=0.

In the evaluation of the BSCs with 1-dimensional GLMT quadra-
ture method, Romberg method combined with the composite
trapezoidal rule is employed. The numerical calculation is executed
using the double-precision VC++6.0 codes on a personal com-
puter powered by a 3.2 GHz CPU. Fig. 3 shows the dependence of
the BSCs |Anm| on the partial wave order n and the azimuth in-
dex m. The parameters of the EGB are same as those of Fig. 2. The
|Anol| increases in the range of small partial wave orders, reaches
the maximum at n ~ 71, and then turns to decrease. The maxi-
mum |Ap | corresponds to the partial wave which is mainly deter-
mined by the separation between the beam center and the z-axis
(i.e. po = ky/x3 +y3 ~71.6) [18]. Fig. 3b shows that, when the az-
imuth index increases, the BSC decreases at the rate depending on
the partial wave order. Visible difference between the results of the
quadrature and LA methods is found for high partial waves and/or
high azimuth modes, as shown in Fig. 3b.

In order to reconstruct the beam field, we must calculate all
the required BSCs in a wide range of partial wave orders and az-
imuth indices. From Fig. 3, we find that the maximum of BSCs
corresponds to the partial waves n ~ pg and the azimuth modes
m| < 1. The value of the maximal BSC typically ranges from 0.1
to 10. Therefore, with a desired accuracy, it is easy to truncate the
partial wave order and the azimuth index in the numerical calcu-
lation.

The beam field is reconstructed by using the BSCs that are cal-
culated with the quadrature and LA methods, which is depicted
by the curved surfaces in Fig. 4. It can be seen from Fig. 4a that
the quadrature method reproduces the beam field satisfactorily in
the region |Eg,(r)| > 10-7. Here, the subscript giv represents the
given beam. Outside of the region, the reconstructed field is domi-
nated by a background whose level is about 10~8. The background
is caused by the truncations of the partial waves and the azimuth
modes, and also the round-off errors produced in the integration.
The LA method reconstructs the intended beam profile in the re-
gion |Eg;,(r)| > 10-7, and the background is a little lower than that
of the quadrature method. Apart from the intended beam peak, the
LA method produces an axially symmetric doughnut-like pseudo-
distribution which is about 10~> high. The relevant explanation of
the pseudo-distribution is given in [19].

In order to evaluate the fidelity of the reconstructed beam field
to the given one, we calculate the average of the relative errors
at the coordinates where the magnitude of the given field keeps
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Fig. 2. Numerical results of the integrands for different partial wave orders and azimuth indices: (a) n=30, m=0; (b) n=30, m=20; (c) n=71, m=0; (d) n=71, m=20;

(e) n=225, m=0; (f) n=225, m=20.
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Fig. 3. numerical results of BSCs calculated with the quadrature and the LA methods:

index. The beam parameters are same as those of Fig. 2.
unchanged. The average error is defined as

1y
&= N Z |‘1 - Erec(l'i)/EgiV(ri)| o)
i=1

Here, Erec(r;) and Eg,(r;) represent the reconstructed and the
given beam fields respectively; r; is the coordinates of the ith point
on the elliptic curve

2
}Egiv(ri)| — e—[(xi—xo)/wUx]z—[O/x'—)’o)/wa] — const (39)
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(a) dependence of BSCs on partial wave order; (b) dependence of BSCs on azimuth

The N points involved in averaging are uniformly distributed on
the ellipse. Numerical results of the average error are shown in
Fig. 5. The error grows up gradually when the amplitude of the
field becomes low. The beam field reconstructed by the quadra-
ture technique agrees better with the given one than that of the
LA method.

The CPU time for evaluating the BSCs Ay, and Bpp of a cer-
tain partial wave and a certain azimuth mode is listed in Table 2,
corresponding to the beam parameters given in Fig. 2. It can be
seen that the high partial wave and/or the high azimuth mode re-
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Fig. 4. Beam fields in the plane z=0 reconstructed by (a) the 1-dimensional integration method and (b) the LA method. The beam parameters are same as those of Fig. 2.

The BSCs are calculated for orders n € [1, 286].
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Fig. 5. Average errors of the beam fields reconstructed by the 1-dimensional in-
tegration method and the LA method. The beam parameters are same as those of
Fig. 2.

Table 2
CPU time required for numerical calculation of BSC with 1-
dimensional integration.

(n, m) CPU time (pus)  (n, m) CPU time (ps)
(30,0) 570 (30,20) 696
(71, 0) 789 (71, 20) 88.4
(225,0) 180 (225,20) 184

quires more CPU time, due to the stronger oscillations of the inte-
grand. For evaluating all the BSCs required in the beam reconstruc-
tion, the 1-dimensional integration method takes 25.9 h but the LA
method takes about 10 s only.

The CPU time of the quadrature method for evaluating the BSCs
of an EGB depends on the beam confinement parameters. If the
beam is very elliptical (ie. wox > >wgy Or woyx < <wqy), then
more CPU time is required because more terms should be calcu-
lated for evaluating T,ﬂ For example, when the beam waist radius
wqy increases from 2 pm to 7 pm at a fixed step Awgy =1 pm and
meanwhile the other beam parameters wgy =2 pm, A =0.6328 pm,
Xo=4 pm and yy=z7=0 are kept unchanged, the CPU time for
evaluating all the BSCs with the 1-dimensional quadrature method
is 0.15, 0.94, 4.7, 10.5, 17.2 and 26.5 h respectively. The CPU time
increases in the similar way if we keep the other parameters un-
changed but increase wqy gradually.

Besides, the CPU time of the quadrature method for evaluating
the BSCs of an EGB also depends on the departure of the beam
center from the z-axis. When the beam center departs more far
away from the z-axis, the BSCs of higher partial waves should be
calculated and hence more CPU time is required. For example, we
fix the beam parameters woy=5 um, woy =2 pm, A=0.6328 um
and yg =29 =0, and let the coordinate x, changes from 0 to 16 pm
at a fixed step Axg=4 pm, the CPU time is 1.1, 7.1, 12.1, 19.3 and
30.1 h, respectively.

3.4. Limitations in numerical computation

In some cases, both the quadrature method and the LA method
fail to calculate the BSCs of high partial waves correctly. Fig. 6
shows the numerical results of BSCs |Aym| for m=1, wherein the
beam parameters are A=0.6328 pm, woy=2 pm, wg, =6 pm,
Xo=Yo=>5.5 pm and zy =0. As depicted in Fig. 6a, the BSCs of high
partial waves rapidly increase, i.e. for n > 200 in the quadrature
method and for n > 180 in the LA method. By comparing the in-
tegrand of A,y of Fig. 6b with that of Fig. 2e, we find that there is
an additional peak in the interval close to the polar angle 6 = 7 /2.
This peak results from the round-off errors in the I,Nﬁ calculation. As
defined in Eq. (32), the factors Iﬁ is a sum of series of the modified
Bessel functions. This indicates that the result of summation may
be the constructive or destructive interference of all the involved
terms, depending on the parameters «, 8 and &. With the beam
parameters given in Fig. 6, the destructive interference occurs for
high partial waves. When n > 200 the result of I}‘f’1 is 15 orders less
than the maximum of a single term so that all the significant dig-
its of the double-precision are lost in the numerical calculation.
Since the integrand is a product of the factors {; and ()7{‘, )723)

wherein the latter factors are linear combinations of I,N‘ﬁ a pseudo
peak is produced in the integrand in the vicinity of 6 = /2. The
pseudo peak is very strong because j; is very large in this range
of polar angles. This leads to the incorrect results of the BSCs for
high partial waves in the quadrature method. The situation of the
LA method is quite similar to that of quadrature method, because
the BSC calculation with the LA method depends directly on the
calculation of &, which is equal to fﬁﬂ if;ﬁ_l at 0 = /2 (see
Eq. (36)).

Using the above calculated BSCs, the beam fields are recon-
structed. The incorrect values of BSCs, i.e. those of n > 180 in the
LA method and those of n > 200 in the quadrature method, are
excluded in the beam field reconstruction. As a result, only part of
the beam is reproduced accurately, as shown in Fig. 7. The average
errors of the reconstructed field at IEgiVI=10‘4 are 8.5% (quadra-
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Fig. 7. Beam fields reconstructed with the BSCs calculated by: (a) the quadrature method for n € [1, 179]; (b) the LA method for n € [1, 199]. The beam parameters are same

as those in Fig. 6.

ture) and 19% (LA) respectively. The background outside of the re-
gion is about |Eec| € [10-6, 10-3].

Further numerical calculations of the BSCs are performed with
the same beam parameters shown in Fig. 6 but with differ-
ent coordinates of the beam center (xg,yo). Let xo=rgsin 6o and
Yo =Tocos 8y, Wherein rg is the transverse distance of the beam
center from the z-axis and &y represents the angle between the

major axis of the beam cross section and the radial vector of
the beam center (i.e. rp =xpex +Yoey). Fig. 8a shows the results of
BSCs |Ap1], where ry=7.78 pm and §, varies from 0 to 90°, and
Fig. 8b illustrates the location of the beam center in the xy-plane.
It can be seen that the quadrature method is able to calculate the
BSCs successfully for small values of §y,. However, the capacity of
quadrature method becomes worse gradually when &y increases.
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Fig. 9. Numerical results of BSCs A,; of the EGB: (a) for different eccentricity; (b) for different separation between the beam center and the z-axis.

The worst situation appears at §p=90°. The numerical difficulty
is once again due to the destructive interference of the terms in
the calculation of Tfﬂ As can be seen from Eq. (20) or Eq. (32), the
phases of the terms are decided mainly by the parameter & which
depends closely on &g. Therefore, the variation of §g has strong in-
fluence on the i‘nﬂ calculation. When §y ~ 90°, most of the signifi-
cant digits of I?ﬁ are lost and meanwhile the value of ; (or ) is
very large in the vicinity of 6 = /2. As the result of this, a strong
pseudo peak of the integrand is formed. The situation is quite sim-
ilar with what is shown in Fig. 6b. On the contrary, when §y ~
0°, the factor I?} can be calculated without loss of significant digits
and meanwhile the value of $; (or €2) is very small in the vicinity
of & = /2. Therefore, the integrand is calculated very accurately
and hence reliable results of BSCs can be acquired.

The ff., calculation also depends on the parameters « and f
very closely. When these parameters increases, the modified Bessel
functions increase rapidly and so do the terms in the Iﬁ calcula-
tion. Therefore, the significant digits of 1]?; may be lost very easily
when the destructive interference occurs. From Egs. (10) and (11),
we know that the parameters « and S are determined by several
factors, including the departure of the beam center from the z-axis
ro, the beam waist radii (woyx,wgy), the partial wave order n and the
polar angle 6. In Fig. 9a, the beam center is fixed at Xy =4 pm and
Yo =29=0. The beam waist radius along the x-direction is fixed at
wox =2 pm but that of the y-direction increases from wg, =2 pm
to 10 um. In all the cases, we have §o=90°. It can be seen that,
for those wg, > 5 pm, the numerical difficulty appears for orders

n > 210. In Fig. 9b, all the beam parameters keep unchanged but
the beam center moves from xy=0 to xo=8 pm on the x-axis.
Along with the movement of the beam, |A,;| shifts outward cor-
respondingly. Numerical difficulty appears when the beam center
is far away from the z-axis (say xg > 4 pm). The special case of
wgy =2 pm in Fig. 9a corresponds to the CGB, and that of xo =0 in
Fig.9b corresponds to the on-axis location of the EGB. It was dis-
cussed in Section 2.4 that, in these special cases, the function Ifﬁ,
(or f,‘f,) contains one term only and hence there is no interference
in the numerical calculation. When the parameter wg, in Fig. 9a
(or xo in Fig. 9b) increases gradually, more and more terms are
required for calculating I,‘ﬁ. As a result of this, the destructive in-
terference becomes increasingly serious, which causes the loss of
significant digits and the failure of BSC calculation.

Unfortunately, a quantitative description on the limitations of
the 1-dimensional quadrature method and the LA method is still
unavailable because of the complex dependence of the factor I?f.,
on the parameters «, f and &, and the dependence of these me-
diate parameters on the beam waist radii (wox,wqy) and the beam
center coordinates (xg,y0,2g).- Nevertheless, the numerical results in
this paper and those in [25] reveal that reliable results of BSCs can
be obtained by using the quadrature and/or the LA methods if the
beam parameters satisfy the relations (Xo/wox)? + (Vo/woy)? < 4
and 0.1 < wgx/wgy <10 for zo=0. It should be noted that, though
all the numerical examples are given for zy =0, the relevant dis-
cussions can be easily extended to zg # 0. To summarize qualita-
tively, numerical difficulty of the BSC calculation of an EGB in the
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quadrature and the LA methods appears when the following con-
ditions are satisfied simultaneously: (a) the radial vector ry is not
parallel to the major axis of the beam cross section; (b) the beam
center is distant from the z-axis; (c) the eccentricity of the beam
cross section is large (i.e. wgy >>wqy OF wWox <<wgy).

4. Conclusions

In this work, we derived the formulations for evaluating the
BSCs of an EGB in the GLMT framework. The BSCs are expressed in
terms of the 1-dimensional integration. The NALFs are employed so
as to avoid the difficulties in numerical computation. Expressions
of BSCs of the LA method are also given for comparison. Numerical
study shows that the 1-dimensional integration of the quadrature
method is in average dozens faster than the 2-dimensional integra-
tions.

The calculated BSCs are used for reconstructing the beam field.
The fidelity of the reproduced field to the given one is estimated
by defining an average error at a certain level of the given field. It
is found that the quadrature method can reconstruct the field sat-
isfactorily in the region |Eg(r)| > 10-7 and the average error in-
creases gradually when the level of the given field decreases. The
LA method produces the intended beam distribution together with
an axially symmetric doughnut-like pseudo-distribution. The aver-
age error of the LA method is larger than that of the quadrature
method.

The CPU time for evaluating the BSCs of the quadrature method
depends on both the beam profile and the location of the beam
in the coordinate system. When the beam center shifts far away
from the z-axis and/or the beam profile deviates much from the
CGB, more CPU time is required for finishing the BSC computation
(typically from 1 h to 10 h on a personal computer). However, the
LA method takes about 10 s only.

The capacity of the quadrature method to evaluate the BSCs and
to reconstruct the beam field is very sensitive to the orientation of
the major axis of elliptical beam cross section (i.e. the angle be-
tween the radial vector and the major axis), the beam profile (i.e.
the eccentricity of the beam cross section), and the location of the
beam center in the coordinate system (i.e. the separation between
the beam center and the z-axis). Numerical difficulty appears in
the iﬁﬁ calculation because the factor f;ﬁ is a sum of the modified
Bessel functions, in which significant digits may be seriously lost
due to the destructive interference of the terms. This takes place
when the major axis of the beam cross section is nearly perpendic-
ular to the radial vector ry and the EGB is distant from the z-axis.
Therefore, the quadrature method can evaluate the BSCs of the EGB
accurately only when the beam center is not too far away from the
z-axis or the beam profile does not deviate much from the CGB.
The capacity of the LA method is even poorer than the quadra-
ture method, owing to the same reason. Regarding this, we rec-
ommend checking the BSC results by comparing the reconstructed
beam field with the given one, before the BSCs are used for further
calculations of light scattering.

In summary, the formulations of BSCs of an EGB are obtained
in terms of 1-dimensional integration of the quadrature method.
This method can speed up the numerical computation greatly and
acquire reliable results of BSCs as long as the beam center is not
too far away from the z-axis and/or the eccentricity of the EGB is
not too big.
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